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UNIT - IV
MULTIPLE INTEGRALS

4.1Introduction

The mathematical modeling of any engineering problem which leads to
the formation of differential equation of more than one variable has its solution by the
integration in terms of those variables the need of the solution in an integral where many
variables are involved motivated the study of integral calculus of several variables.
In this chapter all the basic concepts related to the methods to approach such integrals are
discussed.
4.2Double integration in Cartesian co — ordinates

Let f( x,y) be asingle valued function and continuous in a region R
bounded by a closed curve C. Let the region R be subdivided in any manner into n sub
regions Ry, Ry, Ry, ***, R, of areas Ay, A,, A;, * -+, Ap.Let (x;, y;) be any point in the sub
regionR;. Then consider the sum formed by multiplying the area of each sub — region by the
value of the function f( x,y ) at any point of the sub — region and adding up the products
which we denote
1 f (x4 y7)A;

The limit of this sum (if it exists) asn — oo in such a way that each A; — 0 is defined as

the double integral of f( x,y ) over the region R. Thus

Tim 37 £ (xv,)4i = [f, fCxy)dA

The above integral can be given as

/I, feoy)dydx or [f, f(x,y)dxdy
Evaluation of Double Integrals

To evaluate [ ;; ! fx’il f(x, y)dx dy we first integrate f(x, y) with respect to x partially,

that is treating y as a constant temporarily, between x, and x,. The resulting function got
after the inner integration and substitution of limits will be function of y. Then we integrate
this function of with respect to y between the limits y, and y, as used.

Region of Integration

Case (i) Consider the integral f: ffsz(x, y)dy dx  Given thaty varies from y =

fi(x)
fikx)to y = f,(x) xvaries from x = atox = b. We get the regionR by y = f;(x),



y = f,(x), x =a, x = b. The points A, B, C, D are obtained by solving the intersecting
curves. Here the region divided into vertical strips (dy dx).
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Case (ii) Consider the integral fcd I ]fiz((;;) f(x,y)dx dy

Here varies fromx = f,(y) to x = f,(y) andy variesfrom y =ctoy =d - theregion
is bounded by x = fi(y), x = f,(y), y =c, y =d. The points P, Q, R, S are obtained by
solving the intersecting curves. Here the region divided into horizontal strips (dx dy).

Problems based on Double Integration in Cartesian co-ordinates
Example: 4.1

Evaluate f01 flz x(x + y)dydx

Solution:

[ [ xCe+ ydydx =[] [7(x? + xy)dydx
(1.2 xy? z
=, x%y + 7]1 dx

:fol :(Zx2 + 2x) — (x* + g)] dx

_r1f x
=, _2x2+2x—x2—5)] dx



:fol [xz +§x] dx
Fe2g] () -0+ =2

Example: 4.2

Evaluate foa fob xy(x — y)dydx

Solution:

Jy J) xy(e = pydydx = [ [ (x%y — xy?)dydx

’%3]: dx

= [(5--%) - 0-0]ax
(-],

:(a3b2 _ a2b3) —(0—-0)

6 6
=22 (a - b)
Example: 4.3
Evaluate [, [, b d’“iy
Solution:

b dxd b
Ly =1 [oex] dy

:fza " X (logh — log2)dy

—f —log()dy [ log— loga—logb]
=log? [, ~dy = log;llogyl3

= log- 2 [loga — log?] :[109 S] [log %]
Example: 4.4

Evaluate fol f; (x% + y?)dxdy

Solution:
Jy o2+ yDdxdy = fy [=+ yzx]z dy
L[5+~ )
:fol [9 + 3y2 —g— 2y2] dy

4
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Example: 4.5
Evaluate f: foz e**Y dydx

Solution:

f03 f02 etV dydx = f03 foz e* eYdydx :[f03 e* dx] [foz e¥ dy]
=[e*]5[e?]§ = le® —e’lle® — €]
=[e3 —1][e? — 1]
Note: If the limits are variable, then check the given problem is in the correct form
Rule: (i) The limits for the inner integral are functions of , then the first integral is
with respect to y
(i) The limits for the inner integral are functions of , then the first integral is
with respect to x

EX&IIIp'GZ 4.6
2_x2
J-O\/a x I

a
Evaluate | xdy
Solution:
The given integral is in incorrect form

Thus the correct form is

foa fo\/az—xz dydx :foa[y]b/az_xz dx :foa[ ['—]az — xz dx

2 a
X a .1 X
= [E\/az — x? + = sin 1—]

alo

=[(0+Zsin11) - (0 +0)] [+ sin11 =%, sin"10 = 0]

Example: 4.7

[ g2 _ 2
Jo T y(x? 4 y2)dxdy

Evaluate [
Solution:
The given integral is in incorrect form
Thus the correct form is

foa fo\/az—xzy(xz + yz)dydx — foa fOVQZ_xZ(xzy + yg)dydx
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Example: 4.8

Evaluate fol fxﬁ xy(x + y)dxdy
Solution:

The given integral is in incorrect form

Thus the correct form is

fol fxﬁ xy(x + y)dydx = fol fxﬁ(xzy + xy?)dydx

_ 1 ’nyZ xy3 \/E
_Jb 4+ =
) 3 1y

1 x X2 x? x3
—Jb _(XZE'+§¥—§—> —'(XZ'E“+LX?;)]dXT

- 3 5/
02 3 6

dx

1

[__ x"/2 5 x5

3(7/2) 65
(1,2 _1)\_
=3+2-3)-(0+0-0) =
Example: 4.9
Evaluate [} f; At dxdy
1+x2+y2
Solution:

The given integral is in incorrect form

Thus the correct form is

Vi+x? dydx 1 Vidx? dydx
ff =Js s (VitaZ) +y?

1+x2+y2



=1} et ()], s

:fol [ﬁ tan~1(1) — 0] dx [ tan~1(1) = %]

_rl 1 n —El 1 -1 _
=Jo == 7 —4f0—mdx [tan~1(0) = 0]

= %[log[x + m”

=Zlog(1 + V2)

4
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Example: 4.10
2
Evaluate f: fox e’/x dydx

Solution:

The given integral is in correct form
4 x? y/xdd _ 4-ey/xx2d
LE o= [57] o
(2 (L
=l [(1/,) (1/x)] dx
:f:[xex — x]dx :f:x(ex —1)dx

4
=[x(ex —-x)—(1) (ex — x?z)] (by Bernoulli’s formula)
0

=[4e* -9 - (e*-2) - (0- )]
=4e*—16—e*+8+1
=3e* -7
Example: 4.11
Sketch roughly the region of integration for fol f(ff(x, y) dydx
Solution:
Given [ [ f(x,y) dydx
x variesfromx =0tox =1

yvariesfromy =0toy = x



Example: 4.12

Shade the region of integration foa 1} J—;Z:ZZ dxdy

Solution:
Va2 —x2
I J==2; dydx s the correct form

x limit varies fromx =0tox = a

y limit varies fromy = vax — x? to y =+va? — x?2

2 2

e,y =ax—x?to y?=a%?—x
ie., y2 +x? =ax to y? + x? = a?
x2 4+ y2 = ax is acircle with centre (g 0) and radius %

x? +y? = a? isacircle with centre (0,0) and radius a

”w(a,o)

Exercise 4.1

Evaluate the following integrals

2
1.f01 fox (x2 + y?) dydx Ans: —



2. fol fxl(x2 + y?) dxdy Ans: é

3. J, f;xszyzdxdy Ans: =X

4, flz ff(xyz) dxdy Ans: 13

5. f03 fl‘/m(x + y) dxdy Ans: %

6. J, fx“z‘—"z \/J%yzdydx Ans: 1——

7. fol fox e Y dydx Ans: %(e —1)2
8.0> [ dydx Ans: 2

9. %[5 dydx Ans: 2

10. foa/ﬁ foy(yz) dydx AnNs: ;—:(n +2)

4.3 Double integration in Polar co-ordinates

Consider the integral

Jo2 72 f(r,0)dr d6
which is in polar form. This integral is bounded over the region by the straight line
6 = 0, 6 = 0, and the curves r = 14,7 = r,.To evaluate the integral, we first integrate with
respect to r between the limits r = r; and r = r,(treating 6 as a constant).The resulting

expression is then integrated with respect to 6 between the limits & = 6, and 8 = 69,.

Geometrically, AB and CD are the curves r = f;(8) and r = f,(6) bounded by the lines
6 = 0, and 6 = 0, so that ABCD is the region of integration. PQ is a wedge of angular
thickness 66.

Then [2 £(r, §)dr indicates that the integration is performed along PQ(i.e., r varies , 8
st

constant) and the integration with respect to 6



02
fg1 f(r,0)do
means rotation of the strip PQ from AC to BD
Problems based on double integration in Polar Co-ordinates

Example: 4.13

Evaluate fon/z [ rdedr

Solution:
Given [,/ [ rdodr
= fon/z fosmg rdrd® (Correct form)
T [T T (sing)?
=) [?]0 dé = J, [ 2 O]de
1y
=~ J,/?sin® 6do
_l1lrm_rm
T 2722 8
Example: 4.14

Evaluate f; f:inerdrde

Solution:

Given f; fos "0 rdrde

" [%Z]Zme a0

= [0 g

_ %fon [1—0;529] de

i fp-

4

sinze]”
2 Io

[(m—0)— (0—-0)]

N = T

Example: 4.15
Evaluate [ [, rdrd®@
Solution:

Given [ [, rdrde
o [r2]?
=1y [7]0 do

10



Example: 4.16
Evaluate f”/ S e r2dear
Solution:

Given f”/z fzcose r2dodr

f”ﬁz Jy 2¢0%0 1 24rd@  (correct form)

:f”/z [T_g,]ZcosH 20

-n/213

TL’/Z (2cost9)3
TL’/Z

= fn/z cos36 do

T/2
=2

SIS

—0]ds

/2 0530 df

Example: 4.17

Evaluate f"/z fa(l cospy T2A0AT

Solution:

. /2 ra 2
Given [, fa(l_cose)r dédr

- fon/z [%3](1(1—0050)

_ (m/2[a®  a3(1-cos0)3
- fo [? N ]d@

3

a

do

= %3f0n/2[1 — (1 - cos6)3]do
= %3]0”/2[1 — (1 —3cos6 + 3cos?6 — cos®6)]do
= a—3fn/2[30050 + 3c0s%6 — cos30)]d6

_a m/2 _lm 2

= [(351119) >3 4 3]

i)

11



a3 [36—97t+8]
3 12

a3
= 5[44 - 91'[]

Evaluate the following integrals
/2 ra

L Jy " S oo T HdrdO
21T ra

2.5 S sing TATdO

3. fn/4 fcosze rdrd6

-/470

4, f:/z foacosg rva? —r2drd@

/4 ~asin®
5.0, fy = drdo

6. fy, /2 rdgar

Exercise 4.3

Ans: (n - E) a

15/ 10

2

Ans: =&
4

Ans: =
8

3
Ans: ‘11—8 (31 — 4)

Ans: 27=3)

3mh?
16

Ans:

4.4 Change of order of integration

Change of order of integration is done to make the evaluation of integral easier

The following are very important when the change of order of integration takes place

1. If the limits of the inner integral is a function of x (or function of y) then the first

integration should be with respect to y (or with respect to x )

2. Draw the region of integration by using the given limits

3. Ifthe integration is first with respect to X keeping y as a constant then consider the

horizontal strip and find the new limits accordingly

4. If the integration is first with respect to y keeping x a constant then consider the

vertical strip and find the new limits accordingly

5. After find the new limits evaluate the inner integral first and then the outer integral

Problems

Example:4.18

Change the order of integration in [* [ f(x, y)dy dx

Solution:
Giveny:x - a

x:0->a

Theregionisboundedbyy =x,y =a,x=0andx =a

12



x axis limit represents the horizontal strip and y axis limit represents vertical
x:0->y
y:0-a
By changing the order we get

joa Lyf(x,y)dx dy

Example: 4.19
Change the order of integration fol f:f(x, y)dy dx

Solution:
Giveny: 0 - x
x:0-1
The regionisbounded by y =0,y =x,x =0,x = 1

x=10

(0,0)

xiy—>1
y:0->1

13



By changing the order we get

fo 1 fy e y)dx dy

Example: 4.20
Change the order of integration and hence evaluate it f:‘ fxa(x2+y2)dy dx
Solution:
It is correct form, given order is dydx given y:x — a
x:0->a

the region is bounded by y = x,y = ax = 0andx = a

b

(a,a)

o

x axis limit represent the horizontal strip
y axis limit represents vertical path
changed order is dx dy

x:0->y

y:0-a

3 y
o G2 rydxdy =[5+ x| dy
3
= Iy [5+oe]ay

4 4qQ 4 4 4
a a a
_[y 3/] - —
0

12 4 T 12 4 3

Example: 4.21
Change the order of integration forf:a fxzzﬁ xy dy dx

Solution:
It is correct form

Given order is dydx

2
Given y: Z—a - 2V/ax

14



x:0- 4a
The region is bounded by x? = 4ay , y? = 4ax

x = 0and x = 4a

)!
A
L
s
L
s W _e(4a, 40
. 3 7 o
N QL §
i whﬂ.‘ '
| 4
P= 0 * X
0 : :
] o

Changed order is dxdy draw a horizontal strip

Y2 [av
x.4a—>2 ay

y: 0 —>4a
2
4a ;2+/ay 4a [x2%y vay
Jy fyz/4 xydxdy = [, [T]ﬁ dy
a 4a
_ 4t (Vay)ly iy
= [i (B ey g,
_ r4a [[4ay y5
= Iy [(T)y_szaz] dy
_[4ay®  y® 1™
_[ 6 192a2]0
_4a(4a)®  (40)°
T 6 19242
_ 128a* 4096 4
T3 192
_ 64a*
T3
Example: 4.22

a/p2_32
Change the order of integration of fob f(;' by xydxdy and hence evaluate it
Solution:
It is correct form

Given order is dxdy

; . a 2 _ 52
Given x.0—>b1/b y

y: 0> b

15



The region is bounded by x = 0,x = +/b2 —y2 = = + - =1

a? b2
y=0,y=5»b

y

-

Th 2

» p
N’

<

o <t

Changed order is dydx
Draw the vertical strip

y:0—>§\/a2—x2
x: 0> a

2

bar—xz Var-
foafoaa * xy dy dx f[ ] dx

— fa [*/az—] dx
bZ
==, x(a —x?)dx
2a2f (xa? — x3)dx
=5 %1,
=[5 -4
2]
sz

Example: 4.23

Change the order of integration and hence evaluate f01 fxzz_x xy dy dx

Solution:
It is correct form

Given order is dydx

16



Given y: x2>2—x
x: 0-1
The region is bounded by = x2, y + x = 2

x=0,x=1

Now divide the region in to two parts i.e. Ry and R
Changed order is dxdy
Draw horizontal strip

For Region Ry
Limitsare x:0 - [y

y: 01
1 My _ lxzy\/y
fo I xydxdy = f)[F] " v
1 (Vy)?
_ 1y
= 07dy

I

<
o S
—_—
o =

1/6
For region Rz
Limitsarex: 0 > 2 —y

y:1-2

2 2-y 2 xzy 2=y
f f xydxdy = f I—l dy
1 Jo 112 ],

—2e-»%
_fl T2 dy

17



_ (2 (—4y+ydy
- fl 2 dy
_1 [4y2 4y3 2

2

4
y
+_]
2 3 414

-2 ea-2ei-]
=5

24

Example: 4.24
Change the order of integration in f01 fyz_y xy dx dy and hence evaluates
Solution:
It is correct form
xX:y—->2-—y
y: 0->1
The region isbounded by x =y ,x+y =2

y =0, y=1

Now divide the region into two parts ie. R; and R>
Changed order is dydx

Draw horizontal strip

For region Ry

Limits are x: 0— 1

18



y:0 - x
1 02— 1 rx
N fy Yxydxdy = Jy Jy xy dy dx
_ 1 [?]”
=Jo [T]de

= Iy [%] dx

For region R
x:1-2

y:0 - 2—x

_ 292—X
flzfoz “xydydx = fz Q] dx

1 2 1y

= [2[FE2 - 0] ax

:lfz x(4+x2%- 4x) dx
291 2

= % f12(4x + x3 —4x?) dx

2 4 312
:1[4x_+x__4x_]
2072 7 4 3

4 312
- 1[2xz+x__4x_]
2 4 314

-2 [fa+2-t®) - (2 +2-2)

~tfoa-o2-is]

_1[5]_ 5
2 l12 24

=2>R=R;1+R;
1 .5
8 24

_1

3

Example: 4.25
Change the order of integration fooo fxoo ey;y dy dx and hence evaluate it

Solution:

19



It is correct form
Given order is dy dx
Giveny: x - o0

x: 0> o

x=(}

- X
(0,0) e
Changed order is dxdy
Draw a horizontal strip
x: 0>y
y: 0—> oo
00 yﬂ (> —y X y
Jy I5 . dxdy = | [e y]o dy
= *® -y — ﬂ .
J, e”dy - ]0
=—[e™™ —e°] =1
Example: 4.26
Change the order of integration | = foa fyaxszyz dx dy and the evaluate it
Solution:

It is correct form
Given order dxdy
xX:y-—a
y: 0> a
The region isbounded by x =y, x = a

y=0,y=a

20



Changed order is dy dx
Draw a vertical strip

y: 0->x

x: 0> a

ax x _ ca_[tant (N\TF

fO fO x%+y? dy dx _fo X[ x (;)]0 dx
= foa[tan‘1 (f—c) —tan™10] dx
_ram
= fo . d
=[],
s
= Za
Example: 4.27
a2 — 2
Evaluate foa Jo “ xy dy dx by changing the order of integration

Solution:
It is correct form

Given order dy dx
Given y: 0->+vVa?— x?

x:0-> a

the region is bounded by y = 0, y = Va? — x?

x=0,x=a

21



changed order dxdy
Draw horizontal strip

X Oﬁ\/ryz

y: 0> a
m 2_~2
ST xydydx =[] [Y° T xydx dy
a [x? Vaz-y?
=Jo y[;]o dy

1
=~ fy y(a®y?) dy

=1 [ﬂ_yj]a
2 2 4 1y
_ 1[aZ a"‘:I
252 4

Y
Exercise: 4.4

Change the order of integration and hence evaluate the following

2
L[ fom T (x? +y?) dy dx Ans: =
2. foa fozmxz dy dx Ans: %a
3.1 [ dy dx Ans: 2
4

a ra+Vaz-y?
4., fa_m dx dy Ans: =
5[, [ ve = Ans: =

1 2=y !
6./, fy xy dxdy Ans: -

22



7f fz xfd dx Ans: log4 — 1

8. ff fo/x x? dy dx Ans: 24
aca x .a?
9.5, T by Ans: —log(1 +/2)
.28
10. f f Ydx dy Ans: =2 log 4

4.5 Area enclosed by plane curves (Cartesian coordinates)
Area= [ [dydx (or) Area= [ [dxdy
Example: 4.28
Find the area enclosed by the curves y=2x2 and y? = 4x
Solution:
Area= [ [dy dx
y: 2x% - 2Vx
x:0->1

Area :fol fzzfd d
1
= [ y)2 5 dx
= fl(Z\/x — 2x2)dx

2x°/2 _2dd
3/2

2
-5

2
3

2
3

23



Example: 4.29
Find the area between the parabola y? =4ax and x2 = 4ay

Solution:

Area = [dy dx
y:£—>2\/ax

x: 0- 4a

- f:a[Y]ﬁzmdx
aa
= f:a(Z Vax — g) dx
4a

3
Zax/z x3

3/, 12a
0
4a
=2Va (4a)°/2 - B2 )
_ 324> 16a?
o3 3
__16a?

Example: 4.30

Find the area of elllpse = + = -1

Solution:

24



Area =4 [[ dx dy
. a 2 _y2
x-0—>b,/b y
y: 0- ab
Area=4f0b fogvbz_yz dy dx

b, -o/bZ-y?
=4, [xIp dy

= 4f0b [%‘/bz —y2— 0] dy

[ () + 2/

b

0

Example: 4.31

Evaluate [[ xy dxdy over the positive quadrant of the circle x2 + y2 = 1
Solution:

x:0-,/1-y?
y:0->1

25



1 /1-y?
[l xy dxdy =[] J; ¥ xy dx dy
2, W/1-¥?
— rl[xy
=l [T]o dy

= [ (T=y)?y dy

1
=~ -y ydy

1

= &= yDdy

Example: 4.32
Find the smaller of the area bounded by y = 2 — x and x? + y? = 4
Solution:

Area= [[ dy dx
yi2—x-V4—x?
x: 0> 2

2 V4—x?
=/, fz_xx dy dx
2 —
= J Y34 dx
= foz[\/4 —x2 — (2 —x)]dx
_Ix 22 -1 (X x? 2
= [E\/m+7sm (5) - 2x+7]0
_ 4 42
=0+ > (E) —4 + >
=1 — 2 square unit

26



Example: 4.33
Evaluate [[ xy dxdy over the positive quadrant for whichx +y <1

Solution:
x:0->1-y
y: 0-1

(0,1)

X+y=1

(1,0)
> x

(0,0)

1 ,1-y
ﬂ xy dxdy = f f xy dx dy
0 Jo

1, x%y 1—
= [, 50 " dy

11-y?
=, —dy

1

1
=35 0" =2y +y*)dy

1

_1[y?  2y% | y*

Y L
2 0

2 3 4
_1 [1 2 n 1] _1 [16—8+3] _ 1
212 3 4 2 12 24

Example: 4.34
Using double integral find the area bounded by y = x and y = x?

Solution:

27



y: x?-ox
x:0-1
1
= [y > dy dx
= [, Y1 dx
= fol(X - XZ)dX
[+
2 31g
-1_1_1
T2 3 6
Example: 5.35

Evaluate [ (x% + y 2)dxdy where A is area bounded by the curves x%=y, x=1 and

x=2 about x axis

Solution:
y: 0- x?
x:1- 2

B @2,y

aa,n

2 x2
JJx? +y?)dxdy =[] [; (x*+y?)dydx
2

= flz [xzy + y;]z dx

_r2 x°
= [, (x* +)dx

28



Example: 4.36
Find the area enclosed by the curvesy = x> andx+y —2 =0
Solution:

Giveny=x?andx+y —2 =0

X 0 |1 2 -1 -2

Y=2—x |2 |1 0 |3 4

2 311
=[r-5-%)
=p-i-3 et
Example: 4.37
Find by double integration the area lying between the parabola y=4x-x? and the
line y=x
Solution:

Giveny = 4x —x?andy = x

29



y =4x —x% |0 |3 |4 |-5|-12|3

Area= [[ dy dx
yix - 4x —x?
X:0- 3
A2
BT dydx = [Jyl#*" dx
= f03(4x —x? —x)dx

= f03(3x — xz)dx

_ ?ﬁ_ﬁr’ _ 2729
12 3l 2 37 2
Exercise: 4.5
1. Evaluate [[ xdy dx over the region between the parabola y? = x and the lines x +y = 2,
x=0andx =1 Ans: —
15
2 2 3
2. Evaluate [[ y? dxdy over the area of ellipse ;‘—2 + ;’—2 =1 Ans: "‘Zb
16v2

3

3. Find the area between the curve y? = 4 — x and the line y?> = x Ans:
4.6Area Enclosed by Plane Curves [Polar co-ordinates]

Area= [[ rdrd@
Problems Based on Area Enclosed by Plane Curves Polar Coordinates

Example: 4.38
Find using double integral, the area of the cardioid r = a(1 + cos0)
[A.U 2011][A.U 2014][A.U 2015]

Solution:
30



Area= [[ rdrd@

The curve is symmetrical about the initial line

0 variesfrom : 0 - T

r varies from: 0 — a(1 + cos0)

T J-r=a(1+cose)

Hence, required area = 2 f::o =0 rdrd®

— f r a(1+c056) de

:2f0

= [, [a%(1 + cos6)? — 0]d6 =a? f;[l + cos?0 + 2cos 0]d6

- [rz] r=a(1+cos0)

21r=p

= a? fon [1 + @ + ZCOSG] de

_a? m _ a?m
= ?fo [2+ 1+ cos20 + 4cosB]dO = ?fo [3 + cos20 + 4cosB] dO

sin26

a . T a?
=2 [30 + 2222 +4sme]0 =2 [Bn+0+0)— (0+0+0)]

2
%azn square units.
Example: 4.39

Find the area of the cardioid r = a(1 — cos0)
Solution:

Area= [[ rdrd@

0=n/2

"hen
half.

r=a(l-cosé

=nr

The curve is symmetrical about the initial line.
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0 variesfrom : 0 » 1

r varies from: 0 — a(1 — cos0)

fr=a(1—cose) rdrde

. 0=
Hence, required area =2 f;_ " [~

Z]rza(l—cose)

=207[3

= fg[az(l — c0s0)? — 0]d6 =a? f:[l + cos?0 — 2cos 0]d8

de = f;[rz]zg(l—cose) de

r=0

— m 1+cos26
=a® || [1 t— = ZCOSB] de
=§f0n[2 + 1+ c0s26 — 4cos6] db = %f;[S + c0s26 — 4cos6] d6
sin26
2

2@+ 0-0) = (0+0 - 0)]

=2 [30+

- 45in6]10T =

—3.2 i
=Za‘m square units.

Example: 4.40
Find the area of a circle of radius ‘a’ by double integration in polar co-ordinates.
Solution:
Area= [[ rdrd@

O=n/2

T

- r=2acosl

The equation of circle with pole on the circle and diameter through the point as initial line is
r = 2acos6

Area = 2 X upper area
o="
=2fo¢

- fOZE [FZ]gacose de

fr=2acose
r=0

rdrd©

=4a® [2cos?0d6 = 4a’.

N |-

T _ 2 -
P Tta“ square units.
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Example: 4.41

Find the area of the lemniscates r? = a>cos20 by double integration.

[A.U R-08]
Solution:

Area= [[ rdrd@

0=n/2
O=n/4

r=aVcos20

0=_”/2 0=-7l'/4

Area = 4 x area of upper half of one loop.
=4[ foa €029 Ldrde

= 2 [#(r?)§V>*%de

=2a’ [ cos26d
_ .2 (sin26 E
=2a ( 2 )0

= a2 square units.

Example: 4.42

Find the area that lies inside the cardioid r = a(1 + cos0) and outside the circle r =
a, by double integration. [A.U 2014]
Solution:

Area= [[ rdrd@

0=—n/2

Both the curves are symmetric about the initial line.
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Hence, the required area = 2 f::()? [rmaareosd 1 arde

r=a

B o2 r=a(1+cos0)
=2 [2 Hr:a de
—9 J-OE [a2(1+2c050)2 _ %2] do

a? [7 [1+ cos?8 + 2cos 6 — 1]d6

=a*? [M+ 26059] do

2

= a;fg[l + c0s26 + 4cos6] d6

2 : =
=L [9 + sin26 + 4sin9]2
2 0

= Z[E+0+4)-(0+0+0)]

2
= a: (m + 8)square units.

Example: 4.43
Find the area inside the circle r = asin® and outside the cardioid r = a(1 — cos0)

[A.U.Jan.2009]
Solution:
O=n2
o

N reasi
r=a(l-cosf) r asin 0

0= 4 C' “*} 0=0

T
=2

From the figure, we get

. T
0 varies from : 0 —» 3

r varies from: a(1 — cosB) — asin®

r=asin@)

. o="
The required area = fo_2 [__ 1" oo

rdrdo

= f02

n [rz]rzasine) 10

2 ly=a(1-cosH)

_ fg [azsinze a?(1- cos6)?
0 2 2

| a6
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= a?zfg[SiRZH — 1 —cos?6 + 2cos0] do
_at[ s . L b T
2 [foz sin*0df — [>d6 — [2cos*6d6 + 2 [? cosOdb

= —[ + 2[sinf]? ] « [ sin*6d6 = [2 cos®6dO

2

-2p-3

2
==-(4 — m) square units.

-£[-(z-0)+20-0) :

Example: 4.44

Evaluate [, [ r? sin® drd® where R is the semi circle r = 2acos@ above the initial

line.

Solution:

0=x",'_:0‘

. T
0 varies from : 0 — 3

r varies from: 0 —» 2acos0

Let | = [ [r?sinf drd6

= fgfozacose(rzsine)drde
= fz [— sm@]

=2 [E cos36 sinf — O] dé

r= 2acos€)

= fz cos39 sinf d@
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= %foz_ cos30 sinf do

el

8a3 I:COS49:|E

=Ef02_ cos30 d(cos6) ,

3

8a3 1 —2a3
-] -
3 4 3

Example: 4.45
Evaluate [ [rva2 —r2 drd@ over the upper half of the circle r = acos®.

Solution:

r=acosf

. T
6 varies from : 0 — 3

rvaries from:0 — acos6

Let 1= [[rVa?—r2 drdo
= Jg foacose rva? —r? drdf

Put a®? —r? = t?

-2rdr = 2tdt
-rdr = tdt
r-0 =>t->a

r-acosfd =>1t-

asinf

[2 [T (~tdt)de

_ (5 asing I pyreasing)
- _foz fO tdtdo = = —fOZ [?:Ir=a do

- _g fof[t3]gsin0 de
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= —é fg[a3sin30—a3] de

= —% [2[sin*0 1] df

el

_ ad > .
= = fo [1—sin360] do

3

=L [0]z — < [z sin*6 d6

_a®[n ad [2 . . 2
=2 [Z-0|-2[2.1] [ [z sin®6d0 = 2.1]
_aln_a’2
T 32 33
_a®[n 2
‘?[E‘E]

Exercise: 4.6

1. Evaluate [[ rsin® drd® over the cardioid r = a(1 — cos6) above the initial line.

2

Ans: 2
3
rdrd6 .
2. Evaluate ffmover one loop of the lemniscates r? = a%cos20
: T
Ans: a (2 - 2)
3. Find by double integration the area bounded by the circles r = 2sin6 and r = 4sinf
Ans:3m
2
4. Find the area outside r = 2acos0 and inside r = a(1 + cos0) Ans: %

4.7 Triple Integrals
Triple integration in cartesian co-ordinates is defined over a region R is defined by
Iy f&y,z)dxdydz or [ff, f(xy,z)dV or [[f, f(xy,2)d(xy,2).
Type | — Problems on Triple Integrals
Example: 4.46
Evaluate f: fob foc(x +y + z)dzdydx

Solution:
a rb (c arb 2271€
Jo Jy Jyx+y +2)dzdydx = [ [, [xz+yz+7]0 dydx

b 2
= foa N (xc + yc + %) dydx

2

—fa[c +ﬁ+c—y]bd
= Jo [xcy +5 > ], 9
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= foa (xbc + b72c+ bzﬁ) dx

x2bc  b%cx  bc?x]?
= |20 4 2 2
2 2 2 1y

a’bc . ab?c | abc?
= |24 2y 2
2 2 2

abc

=—(@+tb+o

Example: 4.47
Evaluate f01 fylz fol_xxdzdxdy

Solution:
101 1- 11 ~
fo fyz fo XXdzdxdy = fo fyz[xz](l, X dxdy
101
= fo fyz x(1 — x) dxdy
101
= fo fyz (x — x2) dxdy
1[x2 31
- Jb [?; _-7;]y2(jy
(i1 vty
_fo (2 3 2 + 3)dy
Y A Lt Y_T
2 3 10 21l
~1_1_1_ 1
T2 3 10 21
_ 105-70-21+10 _ 24 _ 4
o 210 T 210 35
Example: 4.48
Evaluate f01 fol_x f: Y erdxdydz
Solution:

fol fol_x fox+y e?dxdydz = fol fol_x fox+y e?dzdydx
= [} f, " Te?15™ dydx
= [} [} (e** — 1) dydx
= Jylex™ =yl dx
= fol(ex“_x —1+x—e*)dx

=f01(e—1+x—ex)dx

x? 1
=[ex—x+——e"]
2 0
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=e—1+§—e—0+0—0+1

1
2

Example: 4.49

2_y2 2_42_ 2
Evaluate foaf(;/a Y f(;/a 7V dzdxdy

Solution:

R G duvay = 7 6T ava
= foa fo T ya? —x? —y? dxdy
= foa fo o \[(V a? — yz)z — x? dxdy
- [ VE=y = +

2_v2
aZ_ 2 . X a y
zy sin~! —= dy
ac—-y 0

= [ (0+5 sin'1-0-0)dy

2

= J-oa (aZ;Y )gdy

=2 [, (@ —y»)dy

s y31?
-
4 31
T as
ST
4 3
E(E)
4 3
mas

Example: 4.50
Evaluate fologa f: f: Y extyt2qzdydx
Solution:

folog “ fox fox+y e*tVrzdzdydx = folog ¢ fox[e“y”]i)ﬁy dydx

0 e — o) aya

log a [e2(*+Y) x
= [, = o] dx
0 2 0

ex 2

log a e?x
=1 (e = o) dx
0 2 2
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2 2 2
4x 2x loga
e 3e
[ sy o]
8 8 0

8 8
log a -
e 3 2 1+6-8
= e'999* +a+ )
8 8 8
a* 3a? 6
- 4a-- [_.elogx_x]
8 8 8

Type:Il Problem on Triple Integral if region is given
Example: 4.51
Express the region x > 0,y > 0,z > o,x% + y? + z < 1 by triple integration.
Solution:
For the given region, z varies from 0 to \/1 — x2 — y2
y varies from 0 to V1 — x2

x varies from0to 1

a1= L Y dpdydx

Example: 4.52
Evaluate [[[ x?yzdxdydz taken over the tetrahedron bounded by the planes
_ — — X4 Y Z_
x=0,y=0,z=0and a+b+c—1.
Solution:
Given Z+%+2=1,
a b c
y

Limits are , z varies from0to c (1 — 2 — E)

y varies from 0 to b (1 — 2)

x varies from 0 to a

_x _Xy
[[] x?yzdxdydz = foa fob(l ) foc(l o) x2dzdydx
RAR )
=5 ey ave

_ 0 (#) dydx

0 2

222 =3
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_c? ra bk y?  2ky
=S I 1y (1 + 55— ) dydx

_c? ra bk y3  2ky?
=Tl o (31 + 55 = 5 dye

2 2,2 4 3 bk
[¢ a k 2k
=< [x2 [_y Yy Zky ] dx
270 2 4b? 3b g
_ ffa 2 (b2k4 b*k* zb3k4) dx
“ 270 2 4b2 3b
2 21,4 21,4 21,4
[¢ a b<k b<k 2b“k
==/ x? ( — )dx
270 2 4 3
b%c? ra 1.1 2
= [ k*x? (—+———)dx
2 Yo 2 4 3
b2c2 ra_, ( x)4
= x“(1—=) dx
24 fO a
n(n—1 n(n—
[ (1-x)"= 1—1’1X+(T)X2— (
b2c2 (a 4x  4x3 X% 4x3x2 _ x3  4x3x2Xx
= fxz(l——+—><—2— X—=4+—-
24 Y0 a 2! a 3! a3 4!
b2c?2 ra ( 5 4x3 | ext  4ax5> | x
= X ——+———+—)dx
24 fO a a? a3 at
_ b%c?[x®  4x* | ex5  4x° x7 ] a
T 24 L3 4a  5a? ea® 7atly
__ b%c?2[a® a*  6a® 2a° a’ ]
T 24 I3 a 5a2  3a3  7a%
b2c2 [a3 6a3> 2a% a3
= ——alt— ="+ —]
24 L3 5 3 7
3lL2,-2
a’b“cc |1 6 2 1
= [— - 14+-—=+ —]
24 13 5 3 7
a3b?c? (35—105+126—70+15)
T 24 105
a3b2c2( 1 )
~ 24 \105
__a%b?c?
2520

Example: 4.53

1)(1’1—2) X3

) 4]

xg) dx

a4

X1

Find the value of [[[ xyzdxdydz through the positive spherical octant for which

x> +y? + 2% < a?
Solution:

In the positive octant, the limits are

z varies from 0 to /a2 — x2 — y2

y varies from 0 to va? — x?

x varies from 0 to a
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I= foa f(;/az_xz foJaz_xz_yz xyzdzdydx

pU T e N T

= foa , af-xt xy(a? — x? — y?) dydx

VaZ—xZ
= J5 IS T (aPxy — x3y — xy®) dydx

4 1/a2_x2
_u_ﬂ] dx
0

1 a[axy
270

_1 IR (azx(az—xz) _ x3(a®-x?) x(az—xz)z) do

= %foag (a? — x?) [az —x?— —(az_xz)] dx

_ lfa x(a?-x?)(a%?-x?)

dx
270 4

— %foax(az —x?%)%dx
Puta? —x?=t x=0->t=a
—2xdx = dt x=a-t=0
10 o _adt
= I_sfazt( 2)
__ 1.0 5
=-Jptidt
1

— a?_,
=—J, tidt

1 [t3]a2
16 L3 1

=5:(5)
16 \ 3

Example: 4.54
Evaluate [ff, (x +y + z) dxdydzwhere D:1<x<2,2<y<3,1<z<3

Solution:
(x+y+z)dxdydz = 23 3(x+y+z) dzdydx
D 172 )1
2 (3 213
=/ [ [xz+yz+z7]1dydx
2 (3 9 1
=f1 f2(3x+3y+5—x—y—g)dydx

= flz f23(2x + 2y + 4) dydx
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— (2 2y? °

=/, [ny+7+4y]2 dx

= [7(6x+9+ 12— 4x — 4 — 8) dx
= f12(2x+9) dx

2 2
= 2i+ 9X]
2 1

=4+18-1-9
=12
Example: 4.55
Evaluate [[f Jw over the first octant of the sphere x? + y% + z% = a?
Solution:
dxdydz a (VaZ-xZ \[aZ-x%-y2 dzdydx
fff aZ—x2-y2—z2 f f fo \/m
_ J-a f\/az—xz J-\/az—xz—y2 dzdydx
\/T VaZ-x2-yZ
= fo o [sm W] dydx
= [7 [ 7 (sin71 — 0) dydx
= Jo Jy" T G dya
= gfoa[Y]oaz_x dX
= g foa Va2 — x2 dx
v+ isin—li] :
2 12 2 alg
=2[0+Zsin"'1 -0 0]
2 2
2
m?a?
T8
Exercise:4.7
1. Evaluate [ [} [’ (x +y + z) dzdydx Ans:12
2. Evaluate [, [/ [ x dzdydx Ans:i8
3. Evaluate f13 fi fo‘/x_yxyzdzdydx Ans: E E (9vV3-1) - logS]
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1 1
4. Evaluate [,°%° [* [*"°FY exty*tzdzdydx Ans:%

5.Evaluate [ [ [ e¥+V+*dzdydx Ans: = [e* — 6e? + 8e? — 3]

6. Evaluate [ff, (x +y + z) dxdydz where the region V is bounded by

4

x+y+z=a(a>0),x=0y=0,z=0 Ans:%
1 V1-x% J1-x%2-y2  dzdydx . m?

7. Evaluate fO fO fO m Ans: ?
8. Evaluate f_ll Jy fXX_JrZZ(X +y + z) dxdydz Ans: 0

4.8 Triple Integrals — Volume of Solids

Volume = [ff, dzdydx where V is the volume of the given surface.

Example: 4.56
Find the volume of the sphere x? + y? + z% = a?
Solution:
Volume = 8 X volume of the first octant

z varies from 0 to \/a? — x2 — y?
y varies from 0 to Va2 — x2

x varies from 0 to a

=8/ Oa ) Ovaz_xz f(;/ ¥y dzdydx

=8 foa f(;/az_xz [Z]})/az_xz_yz dydx
=8 foa Jy SR P y2 dydx
=8 foa fo aZ_XZ\/(\/aZ — xz)2 — y2 dydx

‘/aZ—XZ

aly a-x% ., _ y
=8/, [5«/32 —x? —y*+——sin 1 T—xz]o dx

=87 (0+Jsin11-0) dx

a T
=4[, (@ —xz)gdx
=21 foa(a2 —x?)dx

_ S
—21'[[a X 3]0

2
=2M X —
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Example: 4.57

Find the volume of the eII|p50|d = + + ==1

Solution:

Volume =8 X volume of the first octant

2 2
z varies from 0 to C\/T_i_z
2
y varies from 0 to /1 - ;‘—2

x varies from 0 to a

X2 y2

1‘% 1-5—5
v=s8[' fOJ ¢ fOCJ “ P dzdydx
N =
= 8f0a fo “ [Z]O\[i dydx

%2
= 8f0a fob\[; Cm dydx
2 oy %)
=8¢ foa fob\/l__a_z b2<1 ) :

b2 dydx

fff_le-_

y? dydx
FCfoa fo Vk? —y?dydx where k? = b? (1 — z_z)
k
7 0 [y\/kz—yz‘F _1Z]de

86

=2 [ (0+% sin"11 - 0) dx
()

= 22 [ k? dx
(-

= 2ben f; (1-%) dx

= 2ber[x - 2"

= 2bcm [a _

3a?
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= 2bcm (a - g)
= 2bcm X z?a

4mabc .
= 3 cu.units.

Example: 4.58

Find the volume of the tetrahedron bounded by the coordinate planes and §+ % + f =1
Solution:

Volume = [ff, dzdydx

z varies from 0 to ¢ (1 — E — %)

. X
y varies from0tob (1 - ;)
x varies from 0 to a

X _Xy

X ¥y

= foa 5(1_2)[2];(1_5_5) dydx

= Ob(l_g)c(l—g—%)dydx

- epn[(1-9-3(-9) -5

- (6]

abc

=-—0-1
= 22¢ cy. units.
6
Example: 4.59
Evaluate [ff, dxdydz where V is the volume enclosed by the cylinder x> + y* = 1
and theplanesz=0andz =2 — x.
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Solution:
In the positive octant, the limits are

z varies from0to 2 — x

x varies from 0 to /1 — y?

y varies from —1 to /
J[f dxdydz = 2 f_ll f(;/m foz_x dzdxdy
=2f" [ el dxdy
=2 " 2~ 0 dudy

=2 [2x- %]W

=2/, [2yT=v? - ()] oy

=4[ [VT=y?]dy - [][1-y?ldy
=4 %m + isin"ly]il - [-V - ys_z]
= 4[0+7sin711 — 0~ Zsin (-] - [1 -3+ 1

=4'lE+lE]_[2_g]

dy
0

1

-1

Exercise: 4.8
1. Find the volume of the tetrahedron whose vertices are (0,0,0), (0,1,0), (1,0,0) and (0,0,1)

1 .
Ans: 2 cu. units.

2. Evaluateff, dzdxdy, where V is the volume enclosed by the cylinder x* +y? = 4 and
the planesy +z =4 and z = 0. Ans:] 6Tcu. units
3. Find the volume of the region bounded by the paraboloid z = x? + y? and the plane z = 4
Ans:8tcu. units
4. Find the volume of the ellipsoid % + %2 + % = 1 by using triple integration.
Ans: 3 2mcu. units
5. Find the volume of the tetrahedron bounded by coordinate planes and the plane

LR AT Ans: 4cu. units
2 3 4
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4.9 Change of variables in Double integrals:
4.9(a) Evaluation of double integrals by changing Cartesian to polar co-
ordinates:

Working rule:
Step:1
Check the given order whether it is correct or not.
Step:2
Write the equations by using given limits.
Step:3
By using the equations sketch the region of integration.
Step:4
Replacement: put x = rcosé ,y = rsind , x2 + y?=r? and dxdy = rdrdé
Step:5
Find r limits(draw radial strip inside the region) and 6 limits and evaluate the integral.
Example: 4.60

Change into polar co-ordinates and then evaluate fooo fooo e‘(X2+Y2)dydx

[AU June 2011,Dec2005]
Solution:

g=ns2 (Cartesian form)

0=-x/2 [Polar form]

Given order dydx is in correct form.
Given limitsarey : 0 o0 ,x: 0 - o
Equationsare y =0,y = ©o,x = 0,x = ©
Replacement:

Put x* + y? = r? , dydx = rdrd@

Limits:
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r:0- oo, 9:0—>§

fooo fooo e~ +y*) dydx = J2 fooo e rdrd6
Substitution: Putr? =t ,ifr=0=>t=0,r=cw=>t=
2rdr = dt t:0—- oo

dt
rdr ==
2

T

Iz fom e T’ rdrdo = fog fooo e_t%de
= 1[5, 00
=1 [3(—e + )b
= %fog(o +1)d6 (ve®=0e"=1)

L3
=5f0 de

Example: 4.61
Change into polar co-ordinates and then evaluate f: fyaﬁdydx

Solution:

O=m/2

T O=n/4

r=0

Given order dxdy is in correct form.
Given limitsarex :y—»a,y:0- a
Equationsare x=y,x=a,y=0,y=a
Replacement:

Put x=rcosf , x?+y?=r?,dxdy = rdrdf
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Limits: r: O—>C— 90—>—

f fy 7z dvdx —f fcose M‘ral‘ral@
= [#lrcos6]y*° do
~ (3 (2 _
=/ (o5 cos6 — 0)do
=a[+do
=a(6);
=a(;—0)
_ar
T4

Example: 4.62

Evaluate fya% dxdy by changing into polar co-ordinates.
[AU Apr 2009, May 2005,Nov 1998]
Solution:

Ohre=ig. 2 O=n/4

A‘rh

r=20

Given order dxdy is in correct form.
Given limitsarex :y—»a,y:0- a
Equationsare x=y,x=a,y=0,y=a
Replacement:
Put x2=r2cos?0 , x%+y?=12=>r=/x2+y?, dxdy=rdrdd
Limits: r: O_’F 0: 0—>—

r2co0s2%6

a ra x2 = —
fO fy —W dXdy = f04 focose rdrd@

a
T

= [+ [%3 00520];0? de

0
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=f ( 55 C0s?0 — 0) do
= 2 i cos?0.df

3 Y0 cosH
= — [*secf d

_a 4
= — (log(sec@ + tan®)),

wlszl

[log (sec + tan ) log(secO + tan0)]
= “? [log(vV2 + 1) — log(1 — 0)]

a3
= ?log(\/f + 1)
Note:
1. x%+y? =r%cos?0 + r?sin?0 = r?

2. fcoszﬁde fsmzedﬂ—é g
3. f2cos4ede f2sm4ede—§ X

4. f05 c0s20sin?0d0 = = x = x =
47272
Example: 4.63
v 2ax—x?

By changing into polar co-ordinates and evaluate foza Jo (x% + y?)dydx

[AU Dec 1999, AU A/M 2011]

Solution:

ar

r=2a cos

the circle.

g= '2- [Polar form]

Given order dydx is in correct form.

Given limitsare y : 0— vV2ax — x? ,x :0- 2a
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Equationsare y=0,y=v2ax—x%2,x=0,x=2a
y? = 2ax — x?
x? +y? — 2ax = 0 is a circle with centre (a,0) and radius ‘a’.
Replacement:
Put x?2 +y? =r?,dxdy = rdrdf
Limits: r: 0 - 2acos8 ,0:0 —>§
N X2 T
foza Jy 2T (%2 + y?)dydx = J2 fozawse r? X rdrdf
— J-OE fOZacose r3drde
B T et 2acos6
=I5 [7]0 do
_ = 2%a*cos0
= [ ) de
= 4a* [2 cos*0 d6

T
3 1 = 3 1
=4a* x> x-x- (v [Zcos*0dO =>x-x T )
4 2 2 0 4 2 2

Example: 4.64
f\/ 2x—x2

By changing into polar co-ordinates and evaluatefo2 0

b
m dXdy

Solution:

he circle.~~
=-n/2

(Polar form)

Given order dxdy is in incorrect form.

V2x—x2

The correct form is dydx = f02 J, —— dydx

x2+y?
Given limitsarey : 0—» vV2x —x? ,x:0- 2
Equationsarey=0,y=v2x —x%2 ,x=0,x=2
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y? = 2x — x*?
x? +y? — 2x = 0 is a circle with centre (1,0) and radius ‘1°.
Replacement:
Put x = rcosd, x? + y? = r?, dxdy = rdrd@

Limits: r: 0 > 2cos@ , 6:0 —>§

foz fO\/Zx—xZ x dydx _ J-OE J-OZCOSH rcozse < rdrd6

x2+y?2 T
s
=2 [rcos6]3¢95¢ dg

= [2(2co0s*6 — 0) db

2 |2 cos?6 do

1ym v (2 cos20d0 =L x =
2 X% (~ JZcos 0df =2 %)
2

Example: 4.65

(a2 _2
By changing into polar co-ordinates and evaluatef; fo T X+ y2dydx

Solution:

olar

1 the circle.

0=-n/2
Given order dxdy is in correct form.
Given limitsare y : 0— Va2 —x2 ,x:0- a
Equationsarey=0,y=+va? —x%? ,x=0,Xx=a
y2 =32 —x2
x? 4+ y? = a? is a circle with centre (0,0) and radius ‘a’.

Replacement:
Put x2+y%?=r?=r=.x%+y?,dydx = rdrdf
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Limits:r: 0> a , 6:0 —>§

T
2

2 N .
Iy &y Vx%+y2dydx = [ [ rxrdrd®

|
S5
N
~
| )
I
S
—
(o9
D

Example: 4.66

2,2
Evaluate [f X’;Iyz dxdy over the annular region between the circles x* + y? = a2 and
x? + y? = b? (b>a) by transforming into polar co-ordinates.

Solution:

dr do
Replacement:
Put x? = r?cos?6,y? = r?sin?0
x? +y?=r? dxdy = rdrdf

Given the region is between the circles x? + y? = a% and x? + y? = b?
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Limits:r:a—->b ,0:0 - 27w

x2y? 2m b r
T2 dxy = [

x2+y2

2

29>< 2.5 29
cos zr SN0 o drdd
r
21 b r3cos?@xsin?6
_ [P P eostOxsin’o o g4
2T b .
= [ [ r3cos?0 X sin?0 drd6
0 a
b
2m [r* .
= [—] cos?0 X sin?0 do
0 41y

= ifozn(b“ —a*) cos?0 x sin?0 d6

4__4
= L‘ra)foz“ cos%0 X sin?0 dO

4__4 u 2
- b-a) 4a )4 x foz cos?0 X sin?0d0 (- fom = 4f02 )

= (b* —a%) x fgcoszﬂ X sin?6 d0

T
—(h* — Y e L 1™ o (2 rnc20cin2 1.1, =
(b* —a*) x s x - x> (~ J2 cos?Bsin*6d6 X5 X2)

_ m(b*-ah)
o 16

Example: 4.67
[a2 _x2
Evaluate foa fo ¥ [a? — x2 — y2 dydx by transforming into polar co-ordinates.
[AU May 2011,June 2008,Nov 2007]

Solution:

0=n/2

olar

1 the circle

0=-n/2

Given order dydx is in correct form.
Given limitsare y : 0— Va2 —x2 ,x: 0- a
Equationsarey=0,y=+va? —x%2 ,x=0,Xx=a
yz = a2 — x2

x? +y? = a? is a circle with centre (0,0) and radius ‘a’.

Replacement:
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Put a2 —x?—y?2=a%?—- (x?+y?) =a?—-r?,dydx = rdrdf

\/az — x2 _yz = a2 —r2

Limits:r: 0 - a ,0:0—>§

foa Jy @ JaT—xZ - y2 dydx = fgfoa\/az —r2rdrdd
= [2(J; Va® = rZ rdr)ds

Substitution:
Put a?2—r?2=t ifr=0=>t=a?
—2rdr=dt ifr=a=t=0
rdr = —%
~t:a?->0

[2C[2VaZ =7 rdr)de = [2[[5 VE(~2)]de
= 2 [F1L0 Vid]do

2

— 21 [2[(° t3dt]de
2 Jo LJa2

= —120- ()6

= —-Jz—(2%)do

Il
w |
Yam
N |

[

o
-/

Exercise: 4.9

Evaluate the following by changing into polar co-ordinates.

1 fOZa fO\/Zx—xZ dydx
2[4 U (x4 y?)dydx

56



3

3. fol fxzz_x xy dxdy Ans: =

8
4.f; fy 7 dxdy Ans: ==
5. [* fmx 7,7 dxdy Ans: ”Z—a
6. /% [’ (2 + y?)dydx Ans: "%
7. f f (x 2y + y3)dxdy Ans:a?5
8.1 [ (x? + y?)dydx Ans: 2 — 1

2,2
9 f x);-:/yz dxdy over the annular region between the circles x? + y? = 16 and x? + y? = 4
Ans:15n

3
10. ff = dxdy over the positive quadrant of the circle x? + y* = a2 Ans: az

Change of Variables in Triple Integral

4.9(b) Change of variables from Cartesian co- ordinates to cylindrical co — ordinates.
To convert from Cartesian to cylindrical polar coordinates system we have the following
transformation.

X =1 cos6 y =1 sinf z

I
N

| = o(x.yz) _
- a(r,0,z) -

Hence the integral becomes

ff f(x,y,z) dzdydx = ff f(r,0,z) dzdrd®

Example: 4.68
Find the volume of a solid bounded by the spherical surface x? + y? + z? = 4a? and
the cylinder x? + y2 — 2ay = 0.

Solution:
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-de

- -o

x .- -t
2., 2 .2 :
2 . P
X +y+z =4 a By | T
sin ¢ . ‘..‘+),2___ 2axy

Cylindrical co — ordinates

X =rcos0
y =rsin0
Z=17z

The equation of the sphere x? + y? + z? = 4a?

rcos? 0 + r?sin? 0 + z2 = 4a®

r? +z2 = 4a?
And the cylinder x%2+y?— 2ay = 0
x? +y? = 2ay
rcos? 0 + r?sin?0 = 2arsin®

r? = 2arsin 0

r = 2asin 9
Hence, the required volume,

Volume = [ [ [ dx dy dz

= [[[rdédrdz

— 4 fon/z fOZasine fO\/4aZ—r2 rdz drdo

=4 fon/z f:asme rv4a2 —r2 drde
2asin@

— 4 fon/Z [—§(432—I‘2)3/2]0

- g fon/z[—(4a2 — 4a?%sin? 0)%/2 + 8a%| de

= % fon/z(—8a3 cos3 0 + 8a3) do
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=§ 8a3 f(;T/z(l— cos30) do

= 323—33 E— g] cubic units

Example: 4.69

Find the volume of the portion of the cylinder x? + y? = 1 intercepted between the
plane x = 0 and the paraboloid x? + y? = 4 — z.

Solution:

Cylindrical co — ordinates

X =1rcosf
y=rsinf
zZ=2z

Given x2+y?2 =1

r’cos?@ +r?sin?6 =1
rr=1
r= +1

Given x2+y? = 4—z

r’cos?0+r?sin?0 = 4-—z
r’=4-z
z =4—r?

Hence the required volume
Volume= [ [ [rdzdrd6

= P [ rdzdrde
= fozn fol rz] o~ ™ drde
= fozn fol r(4— r?)drde

= fozn fol (4r— r3)drde

2 [4r? ot
ls 2 448
21 1
(=2~ ©0-0)] de
[T 2 de
= [o1g
7 7 . .
=, [2m—0] = - m cubic.units
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Example: 4.70
Find the volume bounded by the paraboloid x? + y? = az, and the cylinder
x? + y? = 2ay and the planez = 0
Solution:
Cylindrical co — ordinates

X =rcos0
y =rsin0
Z=17

The equation of the sphere x? + y?+= az

rcos? 0 +r?sin? 0 = az
r’ = az
And the cylinder x? +y? = 2ay
r2cos?0 +r?sin?® = 2arsin®

r? = 2arsin 0
r = 2asin 9

Hence, the required volume,

Volume = [ [ [ dxdy dz

= [[[rd6drdz

. rz
=T [ [ardzdrde
r2

:f(;T fozasme [Z]O?rdrde

:f(;l'[ J-OZasine [i] drde

a

de

1 fﬁ [r4]2a sin 6
a’0 L4 0

1 (Tt 16a*sin*0
I\ de

a 4

= 4a x 2 J, /% 5in*0d0

_3mad
2

=4a3 x 2321
422
4.9(c)Change of variables from Cartesian Co — ordinates to spherical Polar Co —

ordinates
To convert from Cartesian to spherical polar co-ordinates system we have the

following transformation

x = rsinfcose y = rsinBsing Z = rcosB
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j= 20v2) _ j2ging

a(r.8,9)

Hence the integral becomes

ﬂ] f(x,y,z) dzdydx = fﬂ f(r,0,z)r?sin® drddd¢

dx dy dz over the region bounded by the sphere

Example: 4.71

1
Evaluate [ [ [ =i

x2+y2+2z% = 1.

Solution:

Let us transform this integral in spherical polar co — ordinates by taking
x =rsin 0 cos ¢
y =rsin0sin ¢
Z=rcos0

dxdydz = (r?sin®) dr d6 d¢
Hence ¢ varies from 0to 2m
¢ varies from Oto m

¢ varies from 0to 1
= " Jy Jy == r?sinodrdedo

= [l a0 ] [ sine ao] [ = ar]

1 r
= [¢p] 2™ [-cos O] T fomdr

1 2
=@2n-0)(1+1) fj = dr
1 r2
—4ﬂfoﬁdr
Putr = sint ; dr = costdt
r=0=t=0

T

r=1= t=-
2

_ m/2  sin?t
=4m [ - costdt

2 in2
= 4m fon/ \/SICI;Tttcostdt

2 sin?
= 41 fgt/ S"; ttcostdt

cos

= 41 f(:T/Z sin? t dt
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=4n-T = 2
2 2
Example: 4.72
1 ~/1-x2 -1 dz dy dx
Evaluate fo fo f\/xzﬂ,z iyt a2
Solution:

Given [] varies from 0to 1

y varies from 0to V1 — x?

z varies from /x? +y2to 1

Let us transform this integral into spherical polar co — ordinates by using
x =rsin 0 cos ¢
y =rsin0sin ¢
Z=rcos0
dxdydz = (r?sin®) dr d6 d¢
Let z = \/m
= 22 = x2 + y?

= r?cos?0 = r? sin?0 cos?¢dp + r? sin?0 sin?¢

= cos?0 = sin? 0 [ cos?dp + sin?¢p =1]
= 0=
4
Let z=1

= rcosf=1

1
cosf@

=>r=

= r =sech
The region of integration is common to the cone z? = x? 4+ y?2 and the cylinder
x? + y? = 1 bounded by the plane z = 1 in the positive octant.
Limitsofr: r=0 to r=secH

Limitsof6: ©6=0 to ezg

IMItS O : = to = —
Limits of 0 TZT
= fon/z fon/4 fosece% r?sin 0 dr do d¢ = fs/z f0“/4 fosece rsin 0 dr d6 d¢

sec

/2 /4 . r?
=", [sme?]o

_ (/2 ansecetanedde) = |1 “/qu) /% cecOtan 0 dO
0 2 2 -0 0

0

0 .
do dd _ f(;r/z f(:T/4 [seczeszme—o] de do
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[6]0/% [seco] I/*
o] (-
(V2-1)
Example: 4.73

Ald NIk NR

Evaluate [ [ [ (x? + y? + z2?)dx dy dz taken over the region bounded by the

volume enclosed by the sphere x? + y? + z2 = 1.

Solution:

Let us convert the given integral into spherical polar co — ordinates.
x=rsinBcos¢d = x?=r?sin?0cos?P
y=rsin0sing = y?=r?sin?0sin? ¢
Z =rcos0 =722 =r2cos?0

dxdydz = (r?sin®) dr d6 d¢

[ [ &3+ y2+ 22)dxdydz = [ [7 [ r? (r?sin 6 d6 do dr)

Limitsofr: r=0 to r=1

Limitsof6: ©6=0 to 6=m

Limitsof¢p: =0 to ¢ =2m

[ [ [ &+ y?+ z?)dxdydz = foﬂ fOZR fol r? (r?sin6do d¢ dr)
= [Jy r*dr] [fy sine o] [f" doy]
= [5]] [-cos6IE [12™
5o

= (%— 0) (1+1) (21— 0)

-f@em =5
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